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Fluctuations of conserved quantities, such as baryon, electric charge and strangeness number,
are sensitive observables in heavy-ion collisions to search for the QCD phase transition and critical
point. In this paper, we performed a systematical analysis on the various cumulants and cumulant
ratios of event-by-event net-strangeness distributions in Au+Au collisions at
√
sNN=7.7, 11.5, 19.6,
27, 39, 62.4 and 200 GeV from UrQMD model. We performed a systematical study on the contri-
butions from various strange baryons and mesons to the net-strangeness fluctuations. The results
demonstrate that the cumulants and cumulant ratios of net-strangeness distributions extracted from
different strange particles show very different centrality and energy dependence behavior. By com-
paring with the net-kaon fluctuations, we found that the strange baryons play an important role
in the fluctuations of net-strangeness. This study can provide useful baselines to study the QCD
phase transition and search for the QCD critical point by using the fluctuations of net-strangeness
in heavy-ion collisions experiment. It can help us to understand non-critical physics contributions
to the fluctuations of net-strangeness.
I. Introduction
One of the main goals of the high energy nuclear colli-
sions is to explore the phase structure of strongly inter-
acting hot and dense nuclear matter and map the quan-
tum chromodynamics (QCD) phase diagram which can
be displayed by the temperature (T ) and baryon chemical
potential (µB). Finite temperature lattice quantum chro-
modynamics (LQCD) calculations at zero baryon chemi-
cal potential region predicted that the transition from the
hadronic phase to quark-gluon plasma phase is a smooth
crossover, [1, 2], While at large µB and low temperature
region, the finite density phase transition is of first or-
der [3–5]. So, there should be an end point at the end
of the first order phase transition boundary towards the
crossover region [6, 7].
Fluctuations of conserved quantities, such as net-
baryon (B), net-charge (Q) and net-strangeness (S),
have been predicted to be sensitive to the QCD phase
transition and QCD critical point. Experimentally,
one can measure various order moments (Variance(σ2),
Skewness(S), Kurtosis(κ)) of the event-by-event con-
served quantities distributions in heavy-ion collisions.
These moments are sensitive to the correlation length
(ξ) of the hot dense matter created in the heavy-ion
collisions [8–10] and also connected to the thermody-
namic susceptibilities computed in Lattice QCD [11–
19, 45, 46] and in the Hadron Resonance Gas (HRG) [20–
23, 42–44] model. These have been studied widely in
experiment and theoretically [24–31]. Experimentally,
strange hadrons in the final state production can pro-
vide deep insight into the characteristics of the system
∗
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since they are not inherent inside the nuclei of the in-
coming beam. Thus, the yield ratios and fluctuations
of strange particles have been studied at different ex-
periments [32–35]. Experimentally, the STAR experi-
ment has reported the cumulants of net-kaon (proxy for
net-strangeness) multiplicity distributions at
√
sNN=7.7,
11.5, 14.5, 19.6, 27, 39, 62.4 and 200 GeV [31, 47]. How-
ever, the net-kaon is not a conserved quantity in QCD.
We want to know, to what extend, the net-kaon fluctu-
ations can be used as an approximation of fluctuations
of net-strangeness in heavy-ion collisions. Thus, we cal-
culated the cumulants of net-strangeness distributions in
Au+Au collisions at RHIC BES energies by including dif-
ferent strange baryons and mesons with UrQMD model
in version 2.3 [36]. This is to study the contribution
from the strange baryons and mesons to the fluctuations
of net-strangeness. This study can provide baselines and
qualitative background estimates for the search for QCD
phase transition and QCD critical point in relativistic
heavy-ion collisions.
This paper is organized as follows. In section II, we
will introduce the UrQMD model. Then, we show the
definition of cumulants and cumulant ratios in heavy-ion
collisions in the section III. Furthermore, we present the
net-strangeness fluctuation with the contributions from
different strange particles in Au+Au collisions from the
UrQMD calculations and discuss physical implications of
these results in the section IV. Finally, the summary will
be given in section V.
II. UrQMD Model
The Ultrarelativistic Quantum Molecular Dynamics
(UrQMD) [36] approach is one of the microscopic trans-
port models to describe subsequent individual hadron-
2hadron interactions and system evolution. Based on
the covariant propagation of all hadrons with stochas-
tic binary scattering, color string formation and reso-
nance decay [36], UrQMD model can provides phase
space descriptions [37] of different reaction mechanisms.
At higher energies,e.g.
√
sNN > 5 GeV, the quark and
gluon degrees of freedom can not be neglected. And the
excitation of color strings and their subsequent fragmen-
tation into hadrons are the dominate mechanisms for the
multiple production of particles.
In addition, UrQMD approach can simulate hadron-
hadron interactions at heavy-ion collisions with the entire
available range of energies from SIS energy (
√
sNN = 2
GeV) to RHIC top energy (
√
sNN = 200 GeV) and the
collision term in UrQMD model covers more than fifty
baryon species and 45 meson species as well as their anti-
particles [36]. The comparison of the data (this paper
deals with net-strangeness fluctuations) onto those ob-
tained from UrQMD model will tell about the contribu-
tion from the hadronic phase and its associated processes.
III. Observables
Experimentally, one can measure particle multiplicity
in an event-by-event basis. By measuring the final state
strange particle and anti-particles in heavy-ion collisions,
we can count the strange quark (Ns) and anti-strange
quark number (Ns¯) in those strange hadrons, respec-
tively. Different strange particles have different number
of (anti-)strange quarks, e.g., the strange baryon Λ, Ξ
and Ω consist of 1, 2 and 3 strange quarks, respectively,
and the strange quark and anti-strange quark carry neg-
ative and positive strangeness quantum number, respec-
tively. We use N = Ns¯−Ns to denote the number of net-
strangeness in one event and < N >=< Ns¯ > − < Ns >
to denote the mean value of the net-strangeness over the
whole sample, where Ns and Ns¯ represent the number
of strange quark and anti-strange quark in one event
( Nf =
∑
i
nfi pi, f = s¯, s ) and the n
f
i are the strange
(f = s) or anti-strange quark number (f = s¯) for the
strange particle pi in one event.
Then the deviation of N from its mean value can be
defined as δN = N− < N >. The various order cu-
mulants of event-by-event distributions of the variable N
can be defined as follows,
C1,N =< N > , (1)
C2,N =< (δN)
2 > , (2)
C3,N =< (δN)
3 > , (3)
C4,N =< (δN)
4 > −3 < (δN)2 >2 . (4)
Once we have the definition of cumulants, various mo-
ments of net-strangeness distribution can be written as,
M = C1,N , (5)
σ2 = C2,N , (6)
S =
C3,N
(C2,N )3/2
=
< (δN)3 >
σ3
, (7)
κ =
C4,N
(C2,N )2
=
< (δN)4 >
σ4
− 3. (8)
Statistically [38], various cumulants are used to describe
the shape of a probability distribution. For instance,
the variance (σ2) characterizes the width of a distribu-
tion, while the skewness (S) and kurtosis (κ) are used
to describe the asymmetry and peakness of a distribu-
tion, respectively. Theoretical and QCD based model
calculations show that the high order cumulants of con-
served quantities, such as baryon, strangeness and elec-
tric charge number, are proportional to the high power
of correlation length (ξ) [9, 11].
< (δN)2 >∼ ξ2, (9)
< (δN)3 >∼ ξ4.5, (10)
< (δN)4 > −3 < (δN)2 >2∼ ξ7. (11)
Lattice QCD calculation tell us that the cumulants of
conserved quantities are sensitive to the susceptibilities
of the system [15, 39],
Cn,N = V T
3χ
(n)
N (T, µN ), (12)
where V is the volume of the system. Experimentally,
it is very difficult to measure the volume of the collision
system, so the cumulant ratios are constructed to remove
the effect of system volume. The moment product κσ2
and Sσ can be expressed in terms of cumulant ratios:
χ
(3)
N
χ
(2)
N
=
C3,N
C2,N
= (Sσ)N , (13)
χ
(4)
N
χ
(2)
N
=
C4,N
C2,N
= (κσ2)N . (14)
With above definitions, we can calculate various cu-
mulants and cumulant ratios for the measured event-by-
event net-particles multiplicity distributions.
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FIG. 1. (color online) The dN/dη distribution of strange and anti-strange quark multiplicities in four different cases in 0-5%
most central Au+Au collisions at
√
sNN=7.7, 11.5, 19.6, 27, 39, 62.4 and 200 GeV from UrQMD model.
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FIG. 2. (color online) Energy dependence of yields ratio for
the most central (0-5%) Au+Au collisions at mid-rapidity
(|η| < 0.5) from UrQMD model.
IV. Results
In this section, we present the centrality, rapidity
and collision energy dependence of various cumulants
(C1, C2, C3 and C4) and cumulant ratios (κσ
2, Sσ) of
net-strangeness distributions for Au+Au collisions at√
sNN=7.7, 11.5, 19.6, 27, 39, 62.4 and 200 GeV from
UrQMD model. From low to high energies, the corre-
sponding statistics are 35, 113, 113, 83, 135, 135 and 56
million minimum bias events, respectively.
The statistical errors are estimated based on the Delta
theorem [40, 41]. To avoid auto-correlation, the col-
lision centralities are determined by the (anti-)proton
and charged pion multiplicities within pseudo-rapidity
|η| < 1. We perform our calculation with four cases
((1) K, (2) K+Λ, (3)K+Λ+Σ+Ξ+Ω, (4)K+K0+Λ+
Σ+Ξ+Ω), where both the particle and anti-particles are
included. For each case, we can calculate the cumulants
of net-strangeness distributions.
Figure 1 shows the pseudo-rapidity distributions
(dN/dη) of strange quark and anti-strange quark for the
most central (0-5%) Au+Au collisions at
√
sNN= 7.7
to 200 GeV calculated from the UrQMD model for the
above four cases. The dNdη
∣
∣
∣
η=0
of strange and anti-strange
quarks monotonously increase with increasing collision
energy from 7.7 to 200 GeV for all the four cases. If one
considers only the K+ and K− (top row in Fig. 1 ), the
dN/dη distributions of the anti-strange quarks are above
the strange quarks at all energies. The differences of
dN/dη between strange quark and anti-strange quark be-
come smaller at higher energies. If we include the strange
baryons, such as the case of (K + Λ + Σ + Ξ + Ω), the
dN/dη distributions of strange quarks are slightly above
the anti-strange quarks. This can be explained by the
interplay between the associate production and pair pro-
duction of K+ and K− from lower to higher energies. At
lower energies, the associate production from the reac-
tion channel NN → NΛK+ dominates the production
of K+ which leads to the number of sbar quarks being
larger than the number of s quarks. However, the K+
and K− are mainly produced from pair production at
higher energies, which means the number of s¯ quark and
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FIG. 3. (color online) Various cumulants of net-strangeness multiplicity distributions as a function of Npart at mid-rapidity
region (|η| < 0.5) for Au+Au collisions at √sNN=7.7, 11.5, 19.6, 27, 39, 62.4 and 200 GeV with UrQMD model.
s quark are similar.
If we want to know to what extend the net-kaon fluctu-
ations can reflect the fluctuations of net-strangeness, the
first step is to demonstrate the fraction of strangeness
carried by K+ and K− over the total strangeness. Fig-
ure 2 shows the energy dependence of ratios, which are
the number of total strangeness carried by kaons (K+ and
K−) divided by the total strangeness from all strange
particles at mid-rapidity in 0-5% most central Au+Au
collisions from UrQMD calculations. We found that the
ratios of NK−/Ns+s¯ and NK++K−/Ns+s¯ have a smooth
increase with energy increasing from 7.7 to 200 GeV
and the value of NK++K−/Ns+s¯ at
√
sNN=200 GeV is
about 45%. On the other hand, the ratios of NK+/Ns+s¯
smoothly decrease with increasing energy. At low en-
ergies, such as 7.7, 11.5 and 19.6 GeV, the values of
NK+/Ns+s¯ are much larger than those of NK−/Ns+s¯
whereas the values ofNK+/Ns+s¯ andNK−/Ns+s¯ are very
close to each other at higher energies. The effects of the
energy dependence of changing kaon production can also
be explained by the kaon production mechanism. We
also show the fraction of strangeness carried by K0 and
K¯0 over the total strangeness, which are similar to the
charged kaons. This can be understood by the isospin
balance between u and d quarks in the mid-rapidity of
heavy-ion collisions. The yields betweenK+ andK0,K−
and K¯0 should be very close to each other, respectively.
Figure 3 shows the centrality dependence of various cu-
mulants of net-strangeness multiplicity distributions at
mid-rapidity in Au+Au collisions at
√
sNN=7.7 to 200
GeV from UrQMD calculations. Based on the similarity
of the trends, those cumulants (C1, C2, C3 and C4) can
be separated into odd order (C1, C3) and even order cu-
mulants (C2, C4). The C2 and C4 show monotonically
increase from peripheral collision to central collision and
the even order cumulants of net-strangeness extracted
from K and K +Λ have very close values. It is observed
that C1 and C3 also have similar trend and the values of
net-strangeness from K+Λ and K+K0+Λ+Ξ+Σ+Ω
are close to zero. The net-strangeness number at initial
state is zero, due to the strangeness conservation, the net-
strangeness number should be also zero at finial state.
The results indicate a better approximation for the real
net-strangeness is reached by including more strange par-
ticles into the calculations. On the other hand, the odd
order cumulants of net-strangeness fromK+Λ+Ξ+Σ+Ω
are negative. It is because that it has more number of
strange baryons (like Λ, Ξ, Σ and Ω) than the number
of anti-strange baryons especially at low energies. This
explains why the odd order cumulants of net-strangeness
(Ns¯ −Ns) remain negative.
Figure 4 shows various cumulants of net-strangeness
multiplicity distributions as a function of pseudo-rapidity
window size for the 0-5% most central Au+Au collisions
at
√
sNN=7.7 to 200 GeV from UrQMD calculations. It is
similar to the centrality dependence of various cumulants
as is shown in Fig 3. The odd order cumulants C1 and
C3 show linear variation with the window size and the
results from K + Λ + Ξ + Σ + Ω remain negative due to
the large number of strange quarks. For the even order
cumulants, they show linear increase with increasing the
rapidity window size. When ∆η is around 3, the even
order cumulants can reach saturation and suppression,
which can be understood by the effects of net-strangeness
number conservation.
Figure 5 displays various cumulants as a function of
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FIG. 4. (color online) Pseudo-rapidity window size dependence of various cumulants of net-strangeness distributions for the
most central (0-5%) Au+Au collisions from
√
sNN=7.7 to 200 GeV with UrQMD model.
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FIG. 5. (color online) Energy dependence of various cu-
mulants of Net-strangeness multiplicity distributions at mid-
rapidity region (|η| < 0.5) for most central (0-5%) Au+Au
collisions with UrQMD model.
collision energy at mid-rapidity for the most central (0-
5%) Au+Au collisions from UrQMD model. We can
observe that the even order cumulants (C2, C4) increase
with increasing the collision energy. However, the odd or-
der cumulants (C1, C3) of net-kaon decrease with increas-
ing the collision energy. Additionally, the mean value of
net-strangeness from K+Λ and K+K0+Λ+Ξ+Σ+Ω
are close to zero. To understand those energy depen-
dence trends, let’s introduce the important properties of
cumulants and moments [8]. We use Cn to denote the
nth order cumulant of the probability distribution of the
random variable X . According to the additivity of cu-
mulants for independent variables, the additivity of cu-
mulants can be written as:
Cn(X + Y ) = Cn(X) + Cn(Y ), (15)
, where X,Y are independent random variables, respec-
tively. With the homogeneity properties of cumulants,
we have
Cn(X − Y ) = Cn(X) + Cn(−Y ) (16)
= Cn(X) + (−1)nCn(Y ). (17)
If the random variables X and Y are independent dis-
tributed as Poisson distributions, then the X − Y will
distributed as Skellam distribution, the cumulants of net-
strangeness multiplicity distributions can be denoted by:
Cn(X − Y ) = Cn(X) + (−1)nCn(Y ) (18)
= < X > +(−1)n < Y > (19)
For odd order cumulants:
C1(X − Y ) = C3(X − Y ) =< X > − < Y > (20)
For even order cumulants,we have:
C2(X − Y ) = C4(X − Y ) =< X > + < Y > (21)
where, the X denotes the number of anti-strange quark
(X = Ns¯), Y is the number of strange quark(Y =
Ns) and X − Y represents the net-strangeness number
(X − Y = Ns¯ − Ns). The energy dependence shown in
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sNN=7.7 to 200 GeV from UrQMD model.
Fig. 5 can be attributed to the interplay between produc-
tion mechanism of strange and anti-strange particles as a
function of energy. At low energies, the associate produc-
tion channel NN → NΛK+ dominate the production of
K+, which makes the yield of K+ larger than the yield
of K−. At high energies, due to pair production, the
yields of the strange and anti-strange particles are very
close to each other. For the case of net-kaon cumulants,
from Eq. (20), one can infer that the difference between
odd order cumulants of K+ and K− will become small
as increasing the collision energies. Because of the ad-
ditivity of the even order cumulants from s¯ quark and
s quark as displayed by the Eq. (21), the even cumu-
lants of net-strangeness show an increasing trend with in-
creasing of the collision energy for different cases. Since
more strange particles are included, we observe larger
values of the even order cumulants. Meanwhile, the net-
strangeness obtained from K +K0 +Λ+Ξ+Σ+Ω is a
good approximation of the real net-strangeness and the
values of odd order cumulants are close to zero.
Figure 6 and 7 show κσ2 and Sσ of the net-strangeness
distributions as a function of the average number of
participant nucleons (Npart) in Au+Au collisions at√
sNN=7.7 to 200 GeV from UrQMD model. The κσ
2
from different cases show weak centrality dependence.
For the case ofK andK+Λ, the values of κσ2 are consis-
tent with unity within errors. By including more multi-
strange baryons, such as the case of K +Λ+Ξ+Σ+Ω,
the values of κσ2 are above unity. It indicates that the
multi-strange baryons play an important role in the high
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FIG. 8. (color online) Energy dependence of cumulant ratios (κσ2, Sσ) of net-strangeness multiplicity distribution in the most
central (0-5%) Au+Au collisions at mid-rapidity (|η| < 0.5) with UrQMD model.
order fluctuations of net-strangeness. It is similar as the
two charged particles in net-charge fluctuations. The Sσ
of net-kaon increase with increasing the number of par-
ticipants and the values from K + Λ + Σ + Ξ + Ω and
K +K0 + Λ + Σ + Ξ + Ω are negative. This can be ex-
plained by the Eq. 14. Due to the C3 of net-strangeness
are negative, the Sσ are negative.
Figure 8 shows κσ2 and Sσ of net-strangeness distri-
butions as a function of colliding energy for the most
central (0-5%) Au+Au collisions at mid-rapidity. The
κσ2 of net-strangeness especially from K and K +Λ are
closed to unity and show weak dependence on collision
energy If the multi-strange baryons are included in the
calculations, the values of κσ2 are above unity. We also
observed that the Sσ of net-kaon distributions decrease
with increasing collision energy and the values calculated
from K + Λ and K + K0 + Λ + Σ + Ξ + Ω are close
to zero. One can observe different energy dependence
behavior between κσ2 and Sσ. It is because the skew-
ness is sensitive to the asymmetry between strangeness
and anti-strangeness while the kurtosis is sensitive to the
multi-strange baryon with strangeness number |s| >= 2.
This is similar with the net-charge case that the charged
two particles have strong effects on net-charge fluctua-
tions [20]. If we take out the K0, the values of the
Sσ become negative and monotonically decrease with
decreasing energy. It indicates that the neutral kaons
carry a similar amount of strangeness than the charged
kaons and show similar trends in the Sσ as a function
of energy. On the other hand, based a hadronic trans-
port model (JAM) model study in Au+Au collisions at
5 GeV, we find that the effects of hadronic scattering on
proton fluctuations is negligible. One could also expect
that the hadronic re-scattering effects are also small in
net-kaon fluctuations, however, detail model studies are
needed to carry out in the future.
V. Summary
We have performed systematical studies on the
centrality, rapidity and energy dependence of the
cumulants(C1 - C4) and cumulant ratios (κσ
2 and Sσ)
of net-strangeness distributions in Au+Au collisions at√
sNN=7.7, 11.5, 19.6, 27, 39, 62.4 and 200 GeV from
UrQMD model. It is found that fluctuations of net-
strangeness can be influenced by the production mecha-
nism of strangeness as a function of collision energy which
cause different results between lower energies and higher
energies. Those difference can be understood as the as-
sociate production of K+ play an important role at lower
energies whereas pair production of strangeness and anti-
strangeness dominates at higher energies. On the other
hand, our results show that κσ2 of net-strangeness have
weak centrality and energy dependence. In the cur-
rent model study, we showed that the fraction of total
strangeness carried in kaons are smaller than 45% and
monotonically decrease with decreasing energy. By com-
paring with the net-kaon fluctuations, we found that the
multi-strange baryons play an important role in the fluc-
tuations of net-strangeness. Those multi-strange baryons
lead to the values of κσ2 become above unity. However,
in terms of searching for non-monotonic energy depen-
dence of the fluctuation observable near QCD critical
point, the net-kaon fluctuations should still have sensi-
tivity. Since there has no QCD critical point and phase
transition physics implemented in the UrQMD model,
our model calculations can provide a baseline to search
for the QCD critical point in heavy ion collisions.
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